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Abstract. In this work, we investigate the Holder spectrum of typical mea- 
sure (in the Baire category sense) in a general compact set and we compute 
the multifractal spectrum of a typical measures supported by a self-similar set. 
Such mesures verify the multifractal formalism. 
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1. Introduction and the main result 

Let K be a compact set of M. d endowed with the metric induced by any norm on 
R d . 

The local Holder exponent of a positive measure fi on K at x € K, h^(x), is 
defined by 

r^O log r 

where B(x, r) is the ball of center x and radius r. The purpose of the multifractal 
analysis of a measure fi is to investigate the singularity spectrum of /Lt, that is 
the map 

rf M : h > i-> dimniE^h)) 

where E^(h) = {x G K : h^ix) — h} and dim-^ is the Hausdorff dimension. 

Generally it is very difficult to obtain the singularity spectrum directly from 
the definition of the Hausdorff dimension. To avoid this difficulty, the multifractal 
formalism provide a formula which link the singularity spectrum to the Legendre 
transform of mapping defined by averaged quantities of the measure, precisely to 
the Legendre transform of the L q spectrum defined as follows. If j is an integer 
greater than 1 let Qj be the partition of M d into dyadic boxes: Qj is the set of all 
cubes 

d 

Ij,u = l[[k2- j ,(ki + 1)2-1 [ 

4=1 

where k = (fci, k2, ■ ■ ■ , kd) G Z d . 

The L q spectrum of a measure /jsM (K) is the mapping defined for any ggR 

by 

t m (q) = liminf . 

j^+oo j log 2 
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A classical result (see for example [4]) assert that for all measure fi for all h > 0, 
(1) d^h) < (r„)*(h) := Mfah-T^q)). 

A important issue in multifractal analysis is to establish when the upper bound 
([T]) turns out to be an equality , when this happens we say that the measure 
H satisfies the multifractal formalism at h. A lot of work has been achieved for 
specific measures. 

In the few last years, a particular interest was allocated to generic results (in 
the sense of Baire or prevalence) on the space of the probability measures endowed 
with the weak topology or in some space of functions, see for examples [I], [2], [3], 

We denote by M. (K) the space of probability measures on K endowed with the 
weak topology. Recall that the weak topology on A4 (K) is induced by the metric g 
on M(K) defined as follows. Let Lip(AT) denote the family of Lipschitz functions 

/ : K — > K with |/| := sup \f(x)\ < 1 and Lip(f) < 1 where Lip(f) denotes the 

xeK 

Lipschitz constant of /. If /i and v belong to M.{K) we set 



£>(/«, v) = sup 



fdfJ, — / fdv 



f e Lip(K) 



then the space M. (K) is complete and separable. 

In [2], the authors determined the multifractal spectrum for typical measures 
[i (in the Baire sens) in [0, l] d and they showed that such measures satisfy the 
multifractal formalism. They also made the following conjecture 

Conjecture 1. For any compact set K C K d , there exists a constant < D < d 
such that typical measures fi (in the Baire sens) in M.(K) satisfy: for any h € [0, D], 
d^(h) = h, and ifh>D, E^(h) = 0. 

Whether D should be the Hausdorff dimension of K or the lower box dimension 
of K (or another dimension). 

In this paper, we give a positive answer to this conjecture in the special case 
where if is a self-similar set satisfying the open set condition. 

Let A be a complete metric space. We say that a set A of X is a Gs set if it can 
be written as a countably intersection of dense open sets. We say that a property 
is typical in X if it holds on residual set, i.e. a set with complement of first Baire 
category. By the Baire theorem any Gs set is dense. 

Our main result is the following 

Theorem 1.1. Let K be a self-similar set satisfying the open set condition. Let 
s be the Hausdorff dimension of K . Then, there exists a Gs set Q of Ai{K) such 
that for all [A £ Q, 

• for all h> s, E^(h) = 

• for all h € [0, s], d^{h) = h. 

In particular, for every q G [0, 1], T fJ- (q) = s(q — 1), and \i satisfies the multifractal 
formalism at every h e [0,s], i.e. d^(h) — (r^)* (h). 
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Our paper is organized as follows: in the second section we show, for any compact 
K, that for typical measure /i in Ai(K), for h > s, E^{h) = where s is the upper 
box counting dimension, this can be en particular applied to self-similar sets. In 
the third section we recall some properties of self-similar sets that will be useful for 
us. Then, using the same approach as [2] with suitable modifications we prove the 
Theorem 11.11 

2. Results valid on compact K 

Let < s < +oo, A a borelian measure on K and a £ K. We define the lower 
s— densities of K at a with respect to A by 

6* {K, a, A) = liminf (2r)" s A (K n B(a, r)) . 

In this section we will prove the following theorems. 

Theorem 2.1. Let K be a closed set ofR d . 

(1) Let a £ K. Then, there exists a Gs set f2(a) of M(K) such that for all 
/j £ Q(a), hp(a) = 0. 

(2) Let s g]0, d] and A C K . Assume that there exists A a finite Borel measure 
on K such that for all a £ A 

et(K,a,X)>0. 

Then, there exists a Gs set il of A4(K) such that for all /i G fl, for all 
x £ A, h^x) < s. That is, for all fj, £ Q, for all h > s, E^(h) fl A = 0. 

Remark 2.1. Let a £ K. For all h > the set A h (a) M(K); h^(a) = h} 

is of empty interior. Indeed, if not then using the dense Gs set J7(a) we get Afj(a) fl 
f2(a) ^ which is impossible. 

Let E a non-empty bounded subset or K d let N r (E) be the largest number of 
disjoint balls of radius r with centers in E. The upper box-counting dimension of 
E is defined as 

lQgJVr(^) 

ooiibE = limsup . 

r ^o - log r 

Already we can prove the following result. 

Theorem 2.2. Let K be a closed set o/R d let s = dimsK. Then, there exists a 
Gs set of A4(K) such that for all fi £ fl, for all x £ K , h^x) < s. That is, for 
all [i £ il, for all h> s, E^Qi) = 0. 

2.1. Proof of Theorem l2.ll In the sequel, we will always denote by B(x, r) (resp. 
B(x, r)) the open (resp. closed) ball of center x £ X and radius r, where X any 
metric space. 

1) Let a £ K and s > 0. Let (v n ) be a dense sequence in M.{K). Let {d n ) n be 
a decreasing sequence to 0. 

2 1 a 

Let 9 > -. Put /3 n = — . We consider the following sequences a n — d„ , 

s log|logd n | 

a <L S 

r n = <i„ , c n = dn ■ Remark that all the sequences are decreasing to 0. 
Denote by 

/!„ = a n S a + (1 - ot n )v n 
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where S a is the Dirac mass at a. Since p{li n -,v n ) < 2a n — > 0, the sequence 

n— >+oo 

(fi n ) n is dense in .M(i'f). 
Now put 

+00 

^Jv(a) = (J B(n k ,r k ) and fi(a) = ftjv. 

fc>JV JV=1 

f2(a) is a Ga set in A^if) since for all N, ri./v(a) is a dense open set. 

Let fj, € fi. There exists an increasing sequence (m n ) of integers such that for 
all n, 

PiViVmJ < r m „. 

Since < c„ < d n , we can construct a Lipschitz function f n which satisfies 
< f n {y) < c„ for all y and /„(y) = c„ for all y e B(a,-^) and /„(y) = 
for all y ^ B(a,d n ) and such that Lip(f) < 1. (For example we can consider 
the restriction to K of the function / : M d — > R, f(y) = c n if — a\\ < 

f(y) = -2^ \\y - a|| + 2c n if ^ < ||y - a|| < d„; /(y) = if ||y - a|| > d„). 
We have, 



(2) J fm n dj-i < c mn fj,(B(a, d mn )). 

In other part, using the property of the function / we get for all n 

fm n d{J>jn n ^1 ^m n I fm n dS a 



> "m„ / fm n dS a 



(3) — ttm n c m„' 

We have p(n,Hm n ) < r m n , thus using (0) and ©, for all n 



t p(B(a,d mn )) > J f mn 



dfi 

(4) ^ ^m^^m™ — fm n 

then by Q 

T 

/j,(B(a,d niri )) > a mn — 



m 71 uttj,- 



Then for n sufficiently large we get 



fi(B(a,d mn )) > ~d%T n n 
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Finally 

M°)=limmf 1 ° g/i 1 (g(0 ' r)) <liminf l0S ^ (i?( ?' dmJ) < lim /3 m =0. 

r->0 log T n->+oo log <X TOn n->+oo 

This finish the proof of the first point. 

2) Now we must construct a dense Gs set of M.(K) which is independent of a £ A. 

Let (v n ) be a dense sequence in M.(K). Let v = — — rjt-K, (remark that since 

7(A) 

@t(K, a, A) > for some point a then X(K) > 0). 
Let (a n ) n be a sequence decreasing to 0. Denote by 

[i n = oi n v + (1 - a n )v n . 

Since i/„) < 2a n — > 0, the sequence (^t„)„ is dense in M(K). 

n— 5-+00 

Let 9 > 1 + — . We consider the following sequences d„ = exp f — — J, r n = d® s 
s \ a n J 

6-1 

and c n = d n 2 ■ AH the defined sequences are decreasing to 0. Remark that 
a n = g?^" with lim /3 n = 0. 

n— >oo 

Now we set 

^ N = U B (^k,r k ) and O = Q tt N . 

k>N N=l 

is a G5 set in A^(if) since for all TV, fijv is a dense open set. 

Let fi £ il. There exists an increasing sequence (m„) of integers such that for 
all n, 

P([*-)Vm n ) < r m „. 

Let a £ A. By our hypothesis, there exist c > and v > 0, such that 

(5) if < r < v, v{B(a, r)) > cr s . 

Let /„ be the Lipschitz function as constructed in the first point of the theorem 
associated to the newer sequences (c„) and (d n ). 
We get for all n, 

(6) / fm n dp<c nin fi(B(a,d mn )). 

In other part, using the property of the function / we get for all n such that 

d n < V, 



fm„dfJ, / fm„du 



( 7 ) > c ' a m n C mn d S mn . 

Then by © and we get 
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fx(B(a,d mn )) > c'a mn d s mn — 

— dm n (c dm n ) 

Then for n sufficiently large we get 

fi(B(a,d m J) > ^-c?m™" +s . 

Finally 

V(q)=liminf l0g/i i (B(a ' r)) < liminf l0g/ f^' < lim . + /3 m „ = 

r-)-0 logr n->+oo log a mn n-»+oo 

This finish the proof of the second point. 

2.2. Proof of Theorem [HH For all n G N, we put L n = N 2 - n (K) and let 
be L„ points of X such that for i ^ j 

%„,2-")n%,„,2-") = l. 

Let a n — 2 _v/ ". Let (v n ) be a dense sequence in Ai(K). We consider the probability 
measures 

1=1 

and 

[i n = a„IT n + (1 - a n )v n . 
Since p{n n , v n ) < 2a n — > 0, the sequence (/x n )„ is dense in .M(-ftT). 

n— >+oo 

Now put r„ = 2- (s+2) ™. We set 

+oo 

k>N N=l 



Qn = [J B(nk,rk) and = Q fi/ 



51 is a Gs set in .M(-fr) since for all N, f2jv is a dense open set. 

Let /j, £ Q. There exists an increasing sequence (m n ) of integers such that for 
all n, 

P{^i fJ"m n ) < r mn . 

Let x G K . Since L mn is the largest number of disjoint balls of radius 2~ m " with 
centers in K then there exists i G {1, . . . , L mn } such that 

B(x,2- m -)ni?K m „,2~ m ")^0- 

Thus a t , m „ G B{x,22- m "). 

Let /„ G Lip(Jf) such that for all y G B(x, 22~ m »), / n (y) = 2" m ", for all 
y £ B(a;,42-" 1 "), f n (y) = and < /„ < 2-" 1 ". 
We get for all n, 



(8) / /„^<2- m >(i?(x,42- m ")). 

In other part, using the property of the function f n we get for all n, 
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> 


™m 7 




> 




, / fndU mn 








> 


&m r 


, L 7n n / fndSa 










OCm r 


c\ — m n t — 1 



Let t such that dim^li" = s<t<s + l. Then there exists v > such that for 
all < r < v, 

N r (K) < r-\ 

Thus, for n sufficiently large such that 2~ m " < v we get > 2~ im ™ . Then 
(9) J f n dfim n >a m „2- m "2~ tm ". 

We have p(p>,fJ. mn ) < r m„, thus using ((5} and we get for n sufficiently large 



2- m ^(B(xA2- mn )) > j fndfi 

> / fnd^ m „ - p(jl, 



(10) > a m „2- m »2-* ro "-r mn 

then by ([TO]) 

M(B(z,42-™»)) > a mn 2-* m » - 2 m »r mn 

-tm„(l+j^=) 2-(s+l)m„ 

_ 2- tm "( 1 + t v 1 m „ )(i _ 2( t ~( s + 1 ))" l ™+v / ™^) 
lim (i — (s + l))m n + y/rrin = —oo, then for n sufficiently large we get 

n— >-\-oo 



M (S( 2 ;,42-™"))> 2 2 



1— im„(l+r4=) 



Finally 



M*) - li m inf l0g ^ (a: ' r)) <li m inf l0S ^^ 42 " m "» 



= lim inf 



log r n-f+oo log 42 

log/x( J B(x,42- J "")) 



n— >+oo log 2 m " 

< lim «+ — — = t. 

n— >+oo ./TO„ 



Then, for all £ such that s = dim^X < t < s + 1, we have h tl (x) < t. Thus 
hn(x) < s. 

We conclude that for all p, € CI, for all x G K, h fl (x) < s. 
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3. The mulitifractal spectrum of typical measures on self-similar 

SETS 

In this section we focus on the special case where the compact if is a self-similar 
set. We recall the definition of such set and some related metric facts that will be 
useful for our purpose. 

3.1. Recalls on self-similar sets. We refer the reader to [7], [8], [10] for more 
properties of self-similar sets. 

By R d , d > 1, we denote the d— dimensional Euclidean space, by B(x, r) the 
balls {y : \x — y\ < r}, x £ M , r > 0, | | the canonical Euclidean norm. Let 
S = {Si, ■ ■ ■ , S p } be a given set of contractive similitudes, that is 

(11) \S i (x)-S i (y)\ = a i \x-y\ 

i = 1, . ..,p, where we assume that < ai < • • • < a p < 1. We will call briefly 
Si an ai— similitude. 

We use the classical following notations: For n S N* we note A n = {i = %i ■ ■ ■ i n : 
Vk G {l,...,n}, ife g {l,...,p}} the sets of words of length n in the alphabet 
{1, ...,p}. A* = [J A„. Finally A = {i = ii ■ ■ ■ ik ■ ■ ■ ■ ik S {1, ■•■,£>}} the set of 

infinite words. 

Without confusion we note in bold characters the elements of A and A*. For 
i = i\ ■ ■ ■ i n € A n , we set |i| = n the length of i. For i e A and n > 1, we note 
i[ra] = h ■ ■ ■ i n - 

If i = ii ■ ■ ■ i n € A„, then S\ := Si t o ••• o Si n is a contraction with ratio 
(*i = «ii • • • cti n . If T is any subset of K , then 7] = Si{T) with the convention 
Tjj = T and Sq, —Id. Particularly, for i G A„ Ki is called an n— complex. 

We say that the self similar K satisfy the open set condition, if there exists an 
open set U such that for all i € {1, • • • 

Si(U) C U and Si(U) n S 3 (U) =0 if i ^ j. 
Let R > 0. We set 

I(R) = {i = h ■ ■ ■ i n e A* : an < R < a i[n -i] } . 
Let s the real defined by 

v 

k=l 

Under the open set condition we have dim«(X) = s and < H S (K) < +oo where 
W. s is the s— Hausdorff measure (see for example [4]). We set 

In the sequel we denote by (JA the cardinality of the set A. 

We gather the useful properties for us in the following proposition (see [10] , [13] . 
Some results are also in the proof of the Theorem 9.3 in [3]). 

Proposition 3.1. We assume that the open set condition is satisfied with the open 
set U . Let s — dim-u{K). 
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(1) There exist two constants ci,C2 > 0, such that for all R > 0, 

ciFT s < tt-T(-R) < c 2 R- s . 

(2) For all R>0, 

E = 

iei(-R) 

(3) There exist two constants c\,c<i > such that for all R > 0, for all x G K 

ciR s < X(B(x,R)) < c 2 R s . 

(4) Let R>0. 

(a) K = |J Ki. 

iei(jj) 

(b) for a/Z i, j € -f(-R) swc/i i/iaf i ^ j, we /lave 

[/inZ7j=0 and A (ifi n Kj) = 0. 

3.2. Proof of Theorem 11.11 Let K be a self-similar set associated to the system 
S = {Si,-- - ,Sp\ of aj— simiitudes satisfying the open set condition, where we 
assume that < a\ < ■ ■ ■ < a p < 1. We adopt the notations of the previous 
section. Denote by s = dim-H-fsf. 

Since s = dim^A", then by Theorem 12. 2[ we know that there exists a G$ set f2' 
of M(K) such that for all \i G A, for all x £ K, h^{x) < s. 

To achieve the proof of the Theorem ll.il we w iU prove that there exists a Gs set 
fi" of M(A') such that for all /i G Q", for all /i G]0, s], d^Qi) = h. Then to recover 
h = 0, we fix any point xo G A" and we consider the Gs set ri(xo) associated to xo 
in Theorem 12.11 We consider finally ft = Of D £1" fl fi(xo) which stills a G5 set of 
M{K). 

Remark 3.1. In our proofs many constants will appear with no importance. To 
relieve the work, we will sometimes denote the constants by the same letter between 
consecutive inequalities even if the constants are different. 

We adopt the same approach of [2] with suitable modifications. 

For any i G 7(2~ JjY ) we pick an x\ G K h The family of point (J {xi : i G I{2~ Jn )} 

N 

will be fixed in the rest of the paper. 

We define the following probability measure 

A n = at-5 Xl 
iei(2-%) 

where S X; is the Dirac mass at the point x\. X n is probability measure since 
af = 1 (see Proposition 13. ip . and is supported by K. 

ie/(2-M 

Let j3 n = — and we denote by 

n 

Mn = Pn\i + (1 - Pn)v n 

the sequence (fJ, n )n is dense sequence in M.{K) since g{p ni v n ) < 2/3 n . 
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Definition 3.1. Let n € N*. We introduce 

Cl n = (J B{ii k ,2- sJ i) and Cl" = f| fi„ 

fc>n n>l 

O" is a G.5 set of 

Let /x <G Cl" be fixed. There exists a sequence (Jn p ) p >i such that for all p, 

Definition 3.2. Let 9 > 1. Lef ms introduce the set of points 

ie/(2 _Jjv p) 

and i/ien /ei its define 

a 9 =hu A *. P - 

p>i P >p 

Lemma 3.1. Let e > 0. There exist p f and c > 0, such that for all p > p e and for 

all x € Ag jP , 

(12) fi(B{x, 22- 0Jn p)) > c 2- s ( 1+e ) J «p . 

Proof. Let e > and x e A# iP . Then there exists i e I{2~ Jn p) such that a;j € 
B(x,2- ejN p). Thus 

/^(B^- 9 ^)) > ^ p af > Cl (3 Np 2~ sJ ^ = Cl 2- S ( 1+ *> J ^ > ciT* x+ * J »* 

for p so large that < e. 

sN p 

Let fg^p be a lipschitz function on K with / € Lip(X) such that for all z G 
B(x,2" ejjv f), = 2 - 0J «p, for all z £ 22" ejjv p), = 0, and < 

/e, P < 2~ ejN p. By construction, 



and 



thus 



J fe, P d» < 2- ejN ^(B(x,22- ej ^)) 

f fe, P dm P > Cl 2- ej "p2- s ( 1+£ ) J "p 
2- BJ »v l i{B(x 1 22- ej ^)) > J f 6iP dn 



Cl 

when p is sufficiently large 



> C x2~ ejN p2~ s{1+ ^ jN p - 2~ sJ ~p 



2~ sJ Kp < - c ,2^ ejN p2^ s{1+,i)jN p 
~ 2 



thus there exists p e such that for all p>p e , 



^(B(x,22- ejN p j) > ^ Ci 2- s{1+ ^ Jn p. 
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Proposition 3.2. Let 8 > 1 and x E Ag. Then h^{x) < 



□ 

•s 



Proof. If a; G Ag, then (I12[) is satisfied for infinite number of integer p. Hence, for 
all e > 0, there is a sequence of infinite real numbers (r p ) decreasing to such that 
for all p 

n(B{x,2r p )) > cr| (1+e) 

this implies that h^(x) < — (1 + e) for all e > 0, the result follows. □ 

8 

s 

Proposition 3.3. For all 8 > 1, dim-^Ag < —. 

8 

Proof. The result is obvious when 8 — 1, since A c K and dim# [K) = s. 

Let 8 > 1 and t > — . For all P > 1, Ag is covered by Ag tP . Hence, for any 

p>p 

S > and using the fact that §I(R) < cR~ s (see [13]) we obtain 
?4(A<0 < U\ I (J A e , p 

< E E l^.2- w * 

P^ p iei(2 _jN p) 

p >p 

< c ^22^ WJn p2 sJn p 



p>p 



since t > -, this series is convergent. Hence, Hg(Ag) < c lim 2 wj n p 2 sJn p = 

6 P— foo ^ — ' 

p>p 

0. Thus, Ti t (Ag) = lim ?4(A 9 ) = 0. This implies that dim ff (A e ) < t for all t > ^, 
then we conclude. □ 



Let m be any Borel measure on K. The Hausdorff dimension of m is defined by 
dim^m = inf {dim^E 1 : E C K, m(E) > 0} . 
When m{E) > then dim-^i? > dim^m. In other words, 

(13) if dim n E < dim^m, then m(E) = 0. 

As in [2] we have the following result 

Theorem 3.1. For every 8 > 1, there is a measure mg supported in Ag, a constant 
C > and a positive sequence (r]p) decreasing to such that for every Borel set B, 

(14) if\B\<r, p , mg(B)<C\B\i-^ . 

s 

In particular, dim-unrig > —. 
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Proof. We will construct a suitable Cantor set Cg included in Kg and a measure mg 
supported on Cg with monofractal behaviour. 

We suppose that the sequence (Jn p ) is sufficiently rapidly decreasing. Precisely, 
assume that 

(15) J Np+1 > max((p + 1)0 J Np , e J ^). 

The following lemma will be useful for us to control the cardinality of some sets 
of balls. 

Lemma 3.2. Let R > 0, i G I(R). For every c > 0, there exists M G N* 
independent of R such that 

(16) (t{j G I(R); B(xi,cR)nB(x h cR)^ Q)} < M. 

Proof. In the sequel we denote by A the measure associated to the self similar K, 
see Proposition 13 . 1 1 for its properties. 

Denote by 

Ti = » {j G I(R); B(x h cR) n B(x h cR) £ 0} . 

Since B~(xi,cR) nB(x$,cR) ^ and \K$\ = \K\on < \K\R then there exists a 
constant a independent of R such that 

C B(x h aR). 

Hence 

Ti < Hi € : ifj C B(asi, ai?) n . 

It follows that 

A ( U X J ) - X ( B ( X ^ aR)^K) < cR s . 

Since for j ^ j' G I{R) A (ifj n -RTj/) = 0, we obtain 

A(*j) < ci? s . 

j£l(R): KjGB( Xi .aR) 

We know that for all j G I(R), c'R s < X(K } ), which gives 

c'jj{j G I{R) : Kj C B{xi,aR)r\K}R s < cR s . 

Then 

Jt{j Gl(iJ): K s CB(x u aR)nK}< -. 

c 

Since T { < jj {j G i(i?) : ifj C B(x i; ai?) H if} we get the desired result. □ 

Denote by F\ a set formed by the largest number of disjoint balls B(x\, 2~' lNl ), 
i G i(2~ JiV i). We denote by 

Di = ji G i(2~ Jjv i ) : xi is a center of ball in Fij . 

Then, wc set 

Fi = [B{x u 2- ejN ^)r\K : i G D{) . 
We denote by Ai = jji*i. Remark that (ji 7 ! = $F\. Using the Lemma 15721 we get 

^ JWl ^ < Ai < t)i(2- Jjv i). 
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Hence 

o s Jn 1 

c < Ai < c'2 sJn i . 

M ~ 

We define a probability measure mi by giving the value mi(V) = -r— for each 

Ai 

element V e F\ and then we extend mi to a Borel probability measure on the 
algebra generated by F\, i.e. on a(V : V £ Fi). 

Assume that we have constructed F\, . . . ,F p , p > 1 and a measure m p on the 
algebra a(V : V e F p ). Let V € F p . There exists i e I(2~ Jn p) such that 
V = B(x h 2- ejN p)nK. 

Let r p = 2' 8Jn p - \K\2~ Jn p+K We have ^2~ ejN p < r p < 2~ 6Jn p . Let us 
consider 

D P ,i = (j£l(2-V) : K s nB{ Xi ,r p )^$y 

Lemma 3.3. There exist two constants Ci,c% > such that for all p 
(17) Ci 2- s()Jn »2 sJn p+i < )JL> P!i < c 2 2- s6Jn p2 sJn p+K 

Proof. Recall that K = (J K- y Then, 

je/(2~' 7jv p+ 1 ) 

5(^,7^)0 if = |J Bfa, r p ) n Aj 

je/(2 _Jjy p+i ) 

= |J B(x,,r p )nAj 

thus 

\{B{x u r p )r\K) = A |J B{x u r p )nK- } 

\je-D P ,i 

But A (B(xi,r p ) C\K)> c'r p > c"2~ s6Jn p, hence there exists c x such that 

Ci2 -s9J Np2 sJ Np+1 < jj^. 

In the other hand, for j € -Dp.i, H B( X i,r p ) ^ 0, this implies that -Kj C 
S(a;i,2- ejN p) (since < |if | 2~ Jlv p+i ). Thus, 

|J Kj c %2- w »»)nJi: 

je-D P ,i 

hence 

A |J if j < A(B(.Ti,2- ej "p)nif) 
\je-Dp,i / 

< c2" s0Jjy p 
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But, A ( |J K S = A(Xj) (since A (XjnXjO =0 for j^j'e 7(2-^+0). 



Thus 



but 



53 A (^j) ^ c2- sej "p 
je-Dp.i 



)- sJ » P+ i 



53 A(^j)>c'^ p4 2- 
je-D P .i 

thus, there exists C2 such that 

tt-Dp.i < c 2 2" s9Jn p2 sJjv p+i. 

□ 

Let us define the set Fp+i ( V) formed by the largest number of balls B(xj , 2~ e Jn p+ 1 ) : 
j G D p> i such that if j ^ j' € we have 

B(x b 2~ jN ^) C\ B{x y ,2~ Jn v+i) = 0. 

Then, we set 

F p+1 (V) = \l7 (1 K : UeF p+1 (V)}. 

Remark that for all U £ F p+1 (V), U C V = T?(xi, 2~ eJiV p) n if. 

We have the following lemma 

Lemma 3.4. There exist two constants c' 1; c 2 > smc/i £/ia£ /or aZZ p 

(18) c' 1 2- sejN p 2 s Jjv p+i < jJFp+i (V) < c' 2 2- s9Jn v 2 sJn p+i . 

Proof. We have $F p+1 (V) = $F p+ i(V). Since $F p+1 (V) < $D p>i , we get obviously 
the second inequality. 

d 

Using the lemma [3T21 we can pick at least — %D v ,i element of F p+ i(V) such that 

the balls of radius 2~ Jn p are disjoint. Since F p+ i(V) is of largest cardinality then 
we conclude that 

^D p>i < %{V) 

and then we get the first inequality by using the lemme 13.31 □ 
Now we define F p+ i = F P (V). We define a probability measure m p+ i 

V£F P 

m (V) 

by giving the mass m p +i(U) = p . . , where V is the unique element of F p 

containing U. We extend then m p+ i to a(U : U £ F p +i). 
Finally we set 

Ce=f] U V. 

P >i veF p 

By the Kolmogorov extension theorem, (rn p ) p >i converges weakly to a Borel proba- 
bility measure me supported on Cg and such that for every p > 1, for every V £ F p , 
me(V) = m p (V). 
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3.2.1. Hausdorff dimension of Cg and mg. As is [2] we first prove that mg has an 
almost monofractal behavior on set belonging to 

p 

Lemma 3.5. When p is sufficiently large, for every V G F p 

(19) 2 - sJn * (1+ p ) < m e {V) < 2- sjN r {1 -p } 
and 

(20) |^|f +TfSiW < m g (V) < . 

Proof. Let V G F p . We denote A p+1 {V) = $F P+1 (V) (recall that F p+1 (V) is the 
set of element of F p+ i included in V). For k < p denote by Vu the unique element 
in Fk containing V. By construction of the measure mg we obtain 

Using Lemma 13. 4| there exist two constants c x , c' 2 > such that 

c ' 1 2~ sejN k2 sjN k-i < A k (V k -i) < 42 _sejjY fc-i2 sJjy fc 
by (JTSJ) and the fact that 2~ s9Jn "-^ < 1 we get 

^2^(1-1) < A k (V k -i) < 42 sJ ^-. 

Hence 

Recalling that by (fT5j) . Jjv fc > e JjVfc - 1 for every fc, thus 

p I log c 2 



i im p ^- + y JN J =0 

P^+oo Jjy I slog 2 ^ fc ' 



fc=l 



(since £.7^ < (p-l)./*,., < (JvJ^weget^M^^tJ^jW! < 
(«7iv _ 1 ) 3 e ' /iVp - 1 — > 0). Thus there exists pi such that for all p> pi, 

(4)-* ^TJ2 sJjv *= (1 -t)J > 2"f Jjv f 

hence, for all p> pi, 

As previously, lim -G— I p "° + y JN k (l — y) I =0. Thus there exists 
P2 such that for all p~>pi 
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hence for all p> P2 

m g (V) < 2- sJn p {1 -p ) . 

To prove (|2"0)) . remark that for all V G F p , \V\ ~ 2~ 6Jn p (where « means that 
the ratio of the two quantities is bounded from below and above by two positives 
constants independents of p ). Then, p = o(|log |V||). Thus ([111) yields f2"P|). □ 

Now we extend (l20l) to all Borel subsets of K. 



Lemma 3.6. There is two positive sequences (t] p ) p , decreasing to and a constant 
C > such that for any Borel set B c K with \B\ < r\ v we have 

(21) m 6 (B) <\B^~-^ . 

Proof. We follow the same ideas of [2]. Let rj p = 2~ Jjv p . Let i? be a Borel set such 
that B C K with |B| < r\ v . Let g > p + 1 the unique integer such that 

2~ Jn " < \B\ < 2~ Jjv i-i. 

Since for all V, V G F,_i, V = B(x h 2^ 0jN --^ )nK,V = B(xy , 2~ 6Jn ^ ) n K, 
we have , 2~ Jn i-^ ) n 5(xj/ , 2~' 7jv <i-i ) = then B intersect at most C elements 
of Fg-i, where C is a constant independent of p. 

Let us distinguish two cases 

• 2~ ejA Vi < \B\ < 2~ Ja Vi : if B dont intersect no one of F q _ 1 then m e (B) = 0. 
Otherwise, denoting by V any one of F q _i intersecting B. Using (fT9)l we have 

mg(B) < Cm e {V) <C2- sJn i-^ 1 -^ ) 
< C\B\% il ~^ ) < | J B| f(1 "^ rr) . 

• 2~ Jn i < \B\ < 2~ 9Jn i- 1 : Let V G that intersect B (if there is no such 
one then mg(B) — 0). We have proved that for any U G F q , such that U C V, 

(tt\ m0 W 

By LemmaDLlwe have A q (V) > c ' 1 2" sejN ^2 sjN ^ then 

(22) m e (U) < —m e {V)2 s0jN i-^ ajN ". 

In the other hand, since B is within a ball of side length C|£?|, where C > 
max{2, \K\}, the number of elements of F q that intersecting B is less than c\B\ s 2 sJn i 
Indeed, B <Z B' where B' is a ball of side length C\B\. If C7 = , 2 _ejjv « ) n if 
such that [/nB/l, then ifj C B' (since < \K\ 2~ Jn i and then #j C 
B(x h \K\ 2~ Jn i) C B'). Denote by L the set of U G F p such that £/ n B = and 
S 1 the set of j G I(2~ Jn i) such that K } C 5', for all such j we have ifj C B' n if. 
We have jjL < (JS. But 

A I (J K a I < A (B' n if) < c |B'| S < c' \B\ S 



since 



A ( U K <* = E A (#0 ^ c"tt52- sJ ~, 
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we get 

tU> < $S< c\B\ s 2 sJn «. 

_ 1 T 

Hence, gathering all the estimation above and the fact that \B\ 7 > 2 "i- 1 we 
get 

(B) < J2m e (U) 

ueL 

< c' \B\ S 2 sjN im e {V)2 sejN i-i +sjN <! <C\B\ s 2 s9jN ^m e {V) 

< C \B\ S 2 s9Jn i-i2~ sJn i-i {1 ~~^ ) < C \B\ S 2 sJn i-i {9 ~ 1+ ^ ) 

< C\B\ S |B|~»" (9 ~ 1+ A ) < C|B|* (1 ~^ t) . 

□ 

Already we have all the ingredients to hnish the proof of Theorem 11.11 with the 
same way as in [5] by considering the sets 



E„(h) = {xeK: h^x) < h} = [J E^h). 

h'<h 

For safe completeness we recover their idea. 
Proposition 3.4. For any h g]0, s], d^Qi) = h. 

Proof. Let h £]0, a], and 6* = -. 

A standard result claim that for all h > 0, 

(23) dim-H-E^ft) < min{/i, d} . 

Then, by Proposition 13. 2[ Ag C E^(h). Let us write 

A e = (A e n^(ft))|J m A e n^(/i-i)j . 

Now, consider the measure m# provided by Theorem 13. II which is supported by the 
Cantor set Cg C Ag. We have then 

m e (A e ) > m e (Ag) > 0. 

By (|2"3"1). for any n > 1, dim^ ( A e n J5 w (/i - — ) ] < h - — < h. Since dim w m e > 

\ n / ft 

- = h, then by property (fT3| we deduce that rag ( Ag C\ E^(h — —)) = 0. 
V n ) 

Then, we get mg(Ag) = m s (Ag n E^Qi)) > 0. Hence, again by property ([TBI 
dim^(/i) > dim w A n > | = /i. 

Finally, the upper bound results from the inclusion E^(h) C E^(h). This hnish the 
proof of the Proposition ^. 41 □ 
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It remains the case h = 0. 

Let xq E K any fixed point. By Theorem 12.11 there exists a Gs set £1(xq) of 
M(K) such that for all (j, G 51(:ro), ^( x o) = 0. Thus, for all \x G 51(xo), £o G £^(0). 
Hence, for all /i G f2(x ), £^(0) ^ 0. Thus, for all n G 51(x ), dim-H^O) > 0. As 
already we have the upper bound, then for all fi G Q(xq), dim^E^O) = 0. 

Consider 51 = 51' n fi" fl 51(xo). 51 is a G5 set of Ai(K) and for all fiintt, [i satisfy 
all the points of Theorem 11.11 

It remains for us to show that any fi G 51 satisfies the multifractal formalism. 

Let /1 G M{K). We denote by Nj(K), the number of cubes of Gj that intersect 
K. By the concavity of 1 1— > t q , for g G [0, 1], we have for any g G [0, 1] 



E ^Q) 9 = E 



1 



Thus, for all g G [0, 1] 



T„(q) = hmmf ^ > (g - 1) hmsup — 

J log 2 j^oo j log 2 



= (g - l)dimg(if) - (g - l)a. 

Let G 51. From ([12} it follows that for all ft, G [0, s], 

(24) d^h) = h < (r„)* (/i) < inf (g/i - r^g)). 

<?e[o,i] 

Hence, for all ft G [0, s], for all g G [0, 1], r M (g) < (g — 1)£ In particular, for h = s, 
for all g G [0, 1], r M (g) < (g— l)s. As we already have the lower bound, we conclude 
that for all g G [0, 1], r M (g) = (g - l)s. Then, for all h G [0, s], 

inf (qh-T ll {q)) = h = d l _ l (h). 
?e[o,i] 

Thus, the inequalities of (|24|) turn to be equalities. Hence, for all h G [0, s], 

d M (A) = ft = (r M )* (ft). 

□ 
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